In the present paper, we consider the problem of estimating a ratio ρ = E(Y )/E(X) in a regression model Y = α + βX + U . We obtain the higher order approximation of the probability distribution of the usual ratio estimator based on the sample means. In the gamma, lognormal and exponential cases, the approximation is numerically compared with the normal one and the empirical distribution. We also consider the higher order approximation of the percentage point and the construction of the confidence interval by using the approximation.
Introduction
When we want to estimate the ratio ρ of the means of two random variables X and Y , i.e. ρ = E(Y ) / E(X), it often happens that X and Y are correlated. In this case, we can assume a linear regression model Y = α + βX + U , and we can utilize this information in the estimation of ρ.
Many authors have studied the estimation of the ratio ρ using the linear regression model. For example, Durbin (1959) , Rao (1965) , Rao and Webster (1966) , Gray and Schucany (1972) , Rao (1988) , Akahira and Kawai (1990) , Kawai and Akahira (1994) have discussed the estimation of ρ from the viewpoint of the jackknife method proposed by Quenouille (1956) , which is based on dividing the sample at random into groups. Their papers addressed the problem of the optimum choice of the number of blocks and presented the comparison of the jackknife estimator with other estimators for ρ.
In the present work, we consider the probability distribution and the percentage point of the ratio estimator. Since it is difficult to obtain them exactly, some approximations are needed. One approach is to get the empirical distribution function by running the Monte Carlo simulation in computers. The simulation becomes more accurate when the number of Monte Carlo trials increases, but the cost gets higher. Another approach is to get the approximate formula by the asymptotic expansions of the type of Edgeworth and Cornish-Fisher. The derivation of the approximate formula is complicated but once it is obtained, we only calculate it by substituting the appropriate values. It takes less time and fewer computational complexity than the Monte Carlo simulation.
In this paper, we consider the higher order approximation of the probability distribution of the ratio estimator of ρ in the regression model. Indeed, using the Edgeworth expansion, we obtain the approximation for the distribution of the usual ratio estimator based on the sample means up to the order o(1/n), when the size of a sample is n. In the gamma, lognormal and exponential distribution cases, we numerically compare the higher order approximation with the normal one and the empirical distribution function. We also consider the higher order approximation of the percentage point by using the Cornish-Fisher expansion. As an application of the higher order approximation, we consider the construction of the confidence interval.
Higher order approximation of the distribution of the ratio estimator
Suppose that (X 1 , Y 1 ), . . . , (X n , Y n ) are a random sample of size n. We consider the problem of estimating the ratio
where X 1 , . . . , X n , U 1 , . . . , U n are mutually independent and X 1 , . . . , X n and U 1 , . . . , U n are i.i.d. samples respectively. Here,
Suppose that the value of k 0 is either positive or
One of the common estimators for the ratio ρ is a ratio estimator
If lim sup |t|→∞ |E(e itX 1 )| < 1 and E(|X 1 | 4 ) = k 3 < ∞, the Edgeworth expansion , Feller (1966) ), where
and
Here, κ
X and κ
X are the third and fourth cumulant of X 1 , respectively. When x = −k 0 n/k 1 , the sum of the first three terms of the right hand side of (2.2) is o(1/n). Then
It follows from (2.1) that
From (2.3) we obtain
we have
Then E(Z) = 0, V (Z) = 1. Let the third and fourth cumulant of Z be denoted by κ 3 and κ 4 , respectively. If lim sup
is valid uniformly in z (see, e.g., Bhattacharya and Ghosh (1978) and Hall (1992) ), where
is the distribution function and φ(z) is the density function of the standard normal distribution, respectively. We obtain from (2.4) and (2.6),
Then we have
W are the third and fourth cumulant of W respectively. By the Taylor expansion, we obtain from (2.5),
We also have
X are the ith cumulant of U 1 and X 1 respectively (i = 3, 4) which are calculated as follows.
W and κ
W are expanded as
Substituting (2.10), (2.11), (2.13) and (2.14) into (2.8) and (2.9), we have,
X .
We also obtain from (2.15),
Hence, the higher order approximation of F R (r) is given by (2.7) with (2.15), (2.16) and (2.17) in which the values of A, D, E, and F are obtained in the above.
We can also consider the higher order approximation of the percentage point of the ratio estimator by using the Cornish-Fisher expansion. We use the same notations defined above except for the functions of r which are denoted explicitly as z(r), µ W (r), σ W (r), B(r), C(r), and κ 3 (r).
Let r p be the upper 100 p percentile of the distribution of √ n (R − ρ), i.e.
Hence the upper 100 p percentile of the distribution of √ n (R − ρ) asymptotically follows from that of the distribution of Z. Using the Cornish-Fisher expansion, we obtain
where u p is the upper 100 p percentile of the standard normal distribution, i.e. Φ(u p ) = 1 − p. The higher order approximation of r p is obtained by solving the equation (2.19) with (2.15), (2.16), (2.17), and (2.18). The Newton's method, an iterative method, is applied to equation (2.19) to find the value of r p numerically. If k 0 < 0, then, in a similar way to the case k 0 > 0, we have
Remark. By expanding the left hand side of (2.19), some other approximations are obtained. If the left hand side of (2.19) is expanded up to the order of n −1 , the cubic equation about r p is obtained. If both sides of (2.19) are multiplied by √ nσ W and expanded up to the order of n −1 , the quadratic equation about r p is obtained. These equations can be solved explicitly.
By utilizing the higher order approximation of the percentage point, we consider the construction of the confidence interval. Since
the two-sided 100 (1 − p)% confidence interval for ρ, which is denoted by I, is
If some parameters are unknown, they are estimated from the sample (X 1 , Y 1 ), . . . , (X n , Y n ). r p/2 and r 1−(p/2) are also estimated by solving the equation (2.19) in which unknown parameters are replaced by the estimated values. In this case, the confidence interval, which is denoted byÎ, iŝ
wherer p/2 andr 1−(p/2) are the estimated values of r p/2 and r 1−(p/2) respectively.
Examples
Some examples are shown to see the accuracy of the approximation. Since 
where b is the number of simulation times and #{ √ n (R − ρ) ≤ r } is the number of values of √ n (R − ρ) which are less than or equal to r. We regard this as the true c.d.f. and compare it with the approximations of F R (r). We consider two kinds of approximations of F R (r), that is, one is the Edgeworth expansion and another one is the normal distribution. These three values are shown in the figures of the examples below.
In the following examples, suppose that U 1 , . . . , U n are identically and independently distributed random variables according to the normal distribution with mean 0 and variance σ 2 . Then it follows that E(U i ) = 0 (i = 1, . . . , n ), δ = σ 2 , η = 0, and γ = 3σ 4 . Let α = 2, β = 1, σ = 1, and the repeated number b of simulation be 10,000. Higher order approximation of the percentage point is applied to this gamma case. Since the true value of the percentage point of F R (r) is hard to calculate, we regard the upper 100 p percentile point ofF R (r), which is the value of b × (1 − p) + 1th order statistics: r p = r (b (1−p)+1) , as the true value of F R (r).
The upper 5 percentile point ofF R (r), r (9501) , is compared with the two approximations of r 0.05 of F R (r). One is the Cornish-Fisher expansion (2.19) and another one is the normal distribution, which satisfies the equation z(r p ) = u p . Table 1 shows the approximations when h = 1(0.5)5 with n = 10.
Example 3.2 (Lognormal case).
Suppose that X 1 , . . . , X n are identically and independently distributed random variables according to the lognormal dis- Table 1 . Comparison between the upper 5 percentile point ofF R (r), r (9501) , and the approximations of r 0.05 for the gamma case when h = 1(0.5)5 with n = 10, α = 2, β = 1, σ 2 = 1, where b = 10000.
r (9501) Higher order tribution with the density
for x > 0 and 0 otherwise, where σ LN > 0. The rth moment of X about zero is E(X r ) = e rζ+r 2 σ 2 LN /2 . We now consider the case of ζ = 0. Then we have Example 3.3 (Exponential case). Suppose that X 1 , . . . , X n are identically and independently distributed random variables according to the exponential distribution with the location parameter θ E and the scale parameter σ E . The density function is
As an example of k 0 < 0, we consider the case of θ E = −1 and σ E = 0.5, which results in k 0 = −0.5. Figure 5 shows the comparison between the empirical distribution functionF R (r) and the approximations of F R (r) in case of n = 10, 20. In this case, the Edgeworth approximation is better than the normal one for the empirical distribution.
We also consider the construction of the confidence interval for ρ. If all parameters are unknown, they are estimated from the sample (X 1 , Y 1 ) , . . . , (X n , Y n ). Suppose that the estimators of α, β, σ 2 , θ E and σ E areα,β,σ 2 ,θ E andσ E respectively.α andβ are the least square estimators of the regression model To see the accuracy of the confidence interval, the coverage error is calculated by the Monte Carlo simulation. When the true value of ρ is denoted by ρ 0 , the coverage error is
where b is the number of simulation times and #{ ρ 0 ∈Î } is the number ofÎ which includes ρ 0 . Table 2 shows the coverage errors of the two-sided 50(10)90,95 and 99 % confidence intervals in case of n = 10, 30, 50 and 100 with θ E = 0 and σ E = 1 for b = 10000 Monte Carlo trials. All parameters are assumed to be unknown and estimated from the data. Each percentage point is calculated by both higher order and normal approximation. From Table 2 , the Cornish-Fisher approximation improves the normal one when 1 − p = 0.95 and above.
